
NPAC-S1 General Relativity
2017/2018 Exam session

A formula sheet is given with this exam.
Other documents, as well as telephones and calculators etc, are forbidden

Duration of exam = 3hrs.
Please write as neatly as possible. Most questions do not require long calculations

1 Basics

1. Show that the spacetime interval ds2 = gαβdx
αdxβ is invariant under coordinate transformations

xα → x̃α if gαβ are components of a tensor transforming according to the tensor transformation
law

gαβ −→ g̃αβ =
∂xµ

∂x̃α
∂xν

∂x̃β
gµν .

2. Let V α be the contravariant components of a vector, and consider an invertible coordinate trans-
formation xδ → x̃δ. Write down the transformation law for ∇βV α, and deduce that Christoffel
symbols transform according to

Γαβγ −→ Γ̃αβγ = Γµρσ
∂x̃α

∂xµ
∂xρ

∂x̃β
∂xσ

∂x̃γ
+

∂2xσ

∂x̃βx̃γ
∂x̃α

∂xσ
.

3. Consider a 2-sphere with coordinates (θ, φ) and line-element

ds2 = dθ2 + sin2 θdφ2.

Show that lines of constant longitude (φ =constant) are geodesics, and that the only line of
constant latitude (θ =constant) that is a geodesic is the equator (θ = π/2).

2 Locally inertial coordinates

1. At a point xα(0) in some coordinate system xα, and as seen in lectures, it is always possible to
construct a locally inertial coordinate system ξα. Which quantity should vanish at xα(0) in this
locally inertial coordinate system, and why?

2. Suppose that the point xα(0) and in the coordinate system xα, the Christoffel symbol has the
value Γα(0)µν . Then at xα(0), the ξα are constructed as follows:

ξα(x) = xα − xα(0) +
1

2

(
xµ − xµ(0)

)(
xν − xν(0)

)
Γα(0)µν . (1)

The point xα(0) in the new coordinates is the origin ξα = 0. Prove explicitly that, when trans-
formed to the new coordinates, the relevant quantity that should vanish at ξα = 0 indeed does
so.

[Hint: for simplicity, choose the origin of your xα coordinates such that xα(0) = 0.]

3. In the locally inertial coordinate system ξα, show that ∂α(gβγξ
βξγ) = 2gαβξ

β.



3 Coordinate transformations

1. Consider the line element

ds2 = −dt2 + t2[dχ2 + sinh2 χ(dθ2 + sin2 θdφ2)], t > 0.

Carry out the change of coordinates

t̃ = t coshχ, r̃ = t sinhχ, θ̃ = θ, φ̃ = φ. (2)

Identify the new metric, specifying carefully the allowed ranges of the coordinates t̃ and r̃. What
do geodesics look like in this new metric (note: essentially no calculation is required to answer
this question)? Conclude that in the original (t, χ, θ, φ) coordinate system, geodesics are given
by t = d/(sinhχ − v coshχ) where v is a constant that can be interpreted as a speed, and d is
another constant that can be interpreted as an initial position.

2. The space-time geometry around a static spherically symmetric object of mass M can be de-
scribed by a line-element of the form

ds2 = −F (r)dt2 +H(r)(dr2 + r2dθ2 + r2 sin2 θdφ2). (3)

(Notice that the function H(r) also multiplies the part in r2dΩ2.) In the limit of a weak
gravitational field, an approximate expression for the functions F and H is the following:

F (r) = 1− 2
GM

r
+ 2β

(
2GM

r

)2

+ . . . (4)

H(r) = 1 + 2γ
GM

r
+ . . . , (5)

where β and γ are parameters (constants) called ‘post-newtonian parameters’.

i) Explain in a few words the origin of the first non-trivial term in F (r). Will these approxi-
mate expressions for F and H be a good description for the metric around a neutron star?
And for the sun?

ii) Using a known static spherically symmetric metric of your choice, and after carrying out the
necessary coordinate transformations, determine the values of β and γ in General Relativity.

[In modified gravity theories, different values of β and γ are allowed.]

4 Conformally flat metrics in 2 dimensions

In two dimensions (time together with one spatial direction), a general line-element can be written
locally as

ds2 = Ω2(t, x)(−dt2 + dx2)

where Ω(t, x) is an arbitrary non-vanishing function of t and x. The factor Ω(t, x) which multiplies
the Minkowski metric, is known as the conformal factor.

i) Write down the Lagrangian from which one determines the equation of motion for time-like
geodesics. Together with the geodesic equation, use it to determine the Christoffel symbols for
this metric.

ii) Verify your calculations by determining the Christoffel symbols by direct calculation from the
metric.

iii) Using the symmetries of the Riemann tensor, determine the number N of independent compo-
nents of the Riemann tensor in 2 dimensions. Calculate these N components.
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5 Killing vectors

1. Explain, in a few words, what information is contained in Killing vectors. Show that in a
space-time with metric gαβ and Riemann tensor Rρσµν , any Killing vector Kµ satisfies

∇µ∇σKρ = RρσµνK
ν . (6)

[Hint: use the equation defining the Riemann tensor in terms of a commutator of covariant
derivatives, together with the Killing equation, and the symmetries of the Riemann tensor]

2. If and only if you have finished all the other exercises, and you have spare time:
Deduce from (6) that Kλ∇λR = 0, from which one concludes that the Ricci scalar does not
change as we move along a Killing vector field.

[Hint: a) contract ρ and µ. b) Then apply ∇σ to both sides of the resulting expression. c) Using,
amongst other things, the Killing equation, show that ∇σ∇µ∇σKµ = 0.]

6 Geodesics in modified gravity

For this exercise, we work with the metric (3) where the functions F (r) and G(r) are given in (4) and
(5) respectively.

1. Consider two observers at fixed positions: the first is at r = r1, and the second is at r = r2 > r1.
The first observer sends two successive light signals to the second observer. The proper time
interval between the two light signals is δτ1 for the first observer, and δτ2 for the second observer.

• The first light signal is emitted at coordinate time t1 and arrives at r2 are coordinate time
t2. The second light signal is emitted at coordinate time t1 + δt1 and arrives at r2 are
coordinate time t2 + δt2. Show that δt1 = δt2.

• The frequency ν of the electromagnetic signals is related to the proper time interval by ν =
1/δτ . Show that the ratio ν2/ν1 (where ν2=received frequency, and ν1=emitted frequency)
is given by

√
F (r1)/F (r2). Would this frequency shift be visible on earth (say with the two

observers separated by a few hundred meters)?

2. Identify all the Killing vectors of the metric (3). Write down the conserved quantities along
geodesics describing the dynamics of free particles, and give them a physical interpretation.

3. Study light-like geodesics in the space-time (3), in the plane θ = π/2. Find the first order
equation for r(φ). In terms of the variable u = b/r, where the constant b should be determined,
show that this equation takes the form(

du

dφ

)2

+ u2 =
H

F
. (7)

4. Working to first order in GM/r, write the explicit solution of (7) in terms of the post-newtonian
parameter γ. [The solution of (du/dφ)2+u2 = 1+2αu, for some constant α, is u =

√
1 + α2 sin(φ−

φ̄) + α.]

5. Hence deduce the angle ∆φ through which a light ray is deflected.
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7 Stress energy tensor and Einstein equations

1. The action for electromagnetism is given by

Sm = −1

4

∫
d4x
√
−gFµνFµν

where the Maxwell field Fµν = ∇µAν − ∇νAµ. Show that the stress energy tensor associated
with the electromagnetic field is given by

Tαβ ≡
−2√
−g

δSm
δgαβ

= FσαF
σ
β −

1

4
gαβF

µνFµν .

[Hint: you may use (though bonus for proving it) the result derived in TD, namely that δg =
ggαβδgαβ.]

2. Show that in the presence of an electromagnetic field, Einstein’s equations can be written as

Rµν = 8πGTµν (8)

3. For a pure electric field F 0i = Ei, F ij = 0, write the different components of Tµν (you may
answer this question either using general arguments or by calculation).

4. If and only if you have finished all the other exercises, and you have spare time:
The Reisner-Nordström Black hole has metric

ds2 = −g(r)dt2 +
1

g(r)
dr2 + r2(dθ2 + sin2 θdφ2)

where

g(r) = 1− 2GM

r
+
q2

r2

with q and M constants. Find the expression for the electric field in terms of q and r by
calculating one component of (8) (to be chosen very judiciously so as to simplify work).
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