Master NPAC
Cosmology – extra homework

January 20, 2020
1 Quintessence
Some cosmologists speculate that the universe may contain a quantum field called “quintessence” (from quinta essentia, the fifth element also named aether in Aristotle worldview). This quantum field has a positive energy density and a negative equation-of-state
parameter wQ < 0.
Let suppose that we live in a spatially flat universe, containing only matter (Ωm,0 ≤ 1)
and quintessence with wQ = −1/2 and ΩQ,0 = 1 − Ωm,0 .
1. At what scale amQ will the energy density of quintessence and matter be equal.
Express it as a function of Ωm,0 and ΩQ,0 .
2. What is a(t) when a  amQ ? and when a  amQ ?
3. Solve the Friedmann equation to find a(t) for this universe (without approximation).
Hints:

Z

x1/2 dx
4
p
=
3β
1 + βx3/2

q
1 + βx3/2

4. What is the current age of this universe, as a function of H0 and Ωm,0 ?
5. Describe the properties of a universe entirely made of quintessence (Ωm ≈ 0).
What would be the current age of this universe, and the current particle horizon
distance ?

2 Closed Universe
Consider a closed universe which contains only matter : Ω0 = Ωm,0 > 1.
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1. Describe briefly the properties of such a universe, its curvature, and its dynamics
(a drawing may help).
2. Write the Friedmann equation for this universe. Compute the value amax of the
scaling factor a at maximum expansion.
3. Show that H0 , Ω0 and the current universe curvature radius a0 are linked by:
a0 =

1
1
√
H0 Ω0 − 1

4. Calculate the horizon distance dhor (t) = a0 χhor (t) as a function of time. Remember
that the comoving coordinate χhor of the horizon at time t is defined by:
Z
χhor (t) =
0

a(t)

dt0
a0 (t0 )

Show that at the moment of maximum expansion (a = amax , t = t(amax )), the
horizon includes the entire universe, i.e.:
χhor (amax ) = π.
Hints:
Z

B

A

h
iB
dx
p
= arcsin(2x − 1)
A
x(1 − x)

x=

Ω0 − 1
×a
Ω0

5. Verify that the evolution of the universe may be described by the following parametric equations:
a(η) = A (1 − cos η)
t(η) = B (η − sin η)
Give the expression of A and B as functions of H0 and Ω0 . What is the value of
η at maximum expansion? Describe briefly the resulting dynamics.
6. Show that the age of the universe at maximal expansion is:
t(amax ) =

π 1
Ω0
2 H0 (Ω0 − 1)3/2

7. At some time t1 > t(amax ) during the contraction phase of this universe, an astronomer named Edwin Elbbuh discovers that all nearby galaxies have blueshifts
(−1 ≤ z < 0) proportional to their distance ; he measures as well H1 < 0 and
Ω1 > 1. Knowing H1 < 0 and Ω1 , how much time remains between t1 and the final
Big Crunch at t = tcrunch ? What is the minimum blueshift our astronomer may
observe?
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Cosmo Exam NPAC: Dec 15, 2010

In the 18th century, Olbers and Chéseaux noted that if the universe is homogeneous in space and in time,
the integrated starlight must be infinite, making the night as bright as the day. Their reasoning was quite
simple: if n is the number of stars per unit volume and L their mean luminosity then the flux we receive
from the stars in a shell of thickness dR at a distance R is
df =

n × L × 4πR2 dR
4πR2

(1)

Integrating this expression from R = 0 to R = ∞ gives an infinite flux. This is Olbers’ paradox and the
following exercise shows how modern cosmology resolves it.
Some useful information:
The scale parameter, a(t), is determined by the Friedmann equation (neglecting radiation and assuming
a flat universe):
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ȧ
ΩΛ + ΩM = 1
a0 ≡ a(t0 )
(2)
= H02 ΩΛ + ΩM (a/a0 )−3
a
where H0 is the present value of the expansion rate
 
ȧ
= H0
H0−1 ∼ 1.4 × 1010 yr ∼ 4.4 × 1017 sec
a t0

cH0−1 ∼ 4300 M pc ∼ 1.3 × 1026 m

(3)

and where ΩM and ΩΛ are determined by the present matter and vacuum densities and H0 :
ΩM ≡

ρM (t0 )
3H02 /(8πG)

ΩΛ ≡

ρV
3H02 /(8πG)

(4)

A modern statement of Olbers’ paradox talks of galaxies rather than stars. The number of galaxies per
unit volume in the universe, n(t), evolves with time in a way that reflects the history of galaxy formation.
However, in recent times n(t) has a simple form since most galaxies were formed in the distant past implying
that the total number of galaxies is time-independent. Throughout this examination we will assume that
this is true.
1. Give an expression for n(t) in terms of its present value, n0 = n(t0 ) and a(t)/a0 .
Consider the space between χ and χ + dχ in in the solid angle on the sky dΩ. At the time t the volume
of this space (i.e. in M pc3 ) is given by a(t)3 dΩχ2 dχ.
2. How many galaxies are there in this volume at time t as a function of n0 ?
Photons are emitted from galaxies at (χ1 , t1 ) and received by us at (χ = 0, t0 ). The present distance,
a0 χ1 , is related to the redshift, z, of the galaxies by
Z 1
dâ
(5)
a0 χ1 = (c/H0 )
2
−3
+ ΩΛ ]1/2
1/(1+z) â [ΩM â
For (ΩM , ΩΛ ) = (0, 1) this gives
a0 χ1 = (c/H0 )z
while for (ΩM , ΩΛ ) = (1, 0)


1
a0 χ1 = 2(c/H0 ) 1 − √
1+z

⇒ z(χ1 ) =

a0 χ 1
c/H0

(6)


−2
a0 χ 1
⇒ 1 + z(χ1 ) = 1 −
2c/H0

1

(7)

We denote by L(t) the mean galactic luminosity (energy per unit time) at time t.
3. What is the energy flux, df , (energy per unit area per unit time) that we now receive from
the galaxies in (dχ, dΩ).
The mean galactic luminosity L(t) is a complicated function that is not at all known at early times. We
will assume that it has the simple form
L(t) = L(t0 )

t > tg

L(t) = 0

t < tg

(8)

where tg can be interpreted as the time when all galaxies were “turned on”. At this time the scale parameter
had a value a(tg ) corresponding to a redshift zg = a0 /a(tg ) − 1.
4. For (ΩM , ΩΛ ) = (0, 1), find an expression for the the total energy flux f (t0 ) that we receive
at (χ, t) = (0, t0 ). The expression should be in the form
Z umax
a0 χ
(9)
g(u)du
u=
f (t0 ) = F (t0 )
c/H0
0
where F (t0 ) is a function of the dimensioned parameters of the problem (c, H0 , n(t0 ), L(t0 ), a0 .....)
and g(u) is a dimensionless function of the dimensionless variable u. Specify the function g(u)
and umax but do not bother to evaluate the integral.
5. Same as for 4 except for (ΩM , ΩΛ ) = (1, 0).
6. Evaluate the integrals in 4 and 5 in the limit of very early galaxy formation: a(tg )/a0 → 0.

The observed galaxy density is n0 ∼ 10−2 M pc−3 and the mean galactic luminosity is L ∼ 1010 L⊙ where
L⊙ is the solar luminosity.
7. Compare the order of magnitude of the flux from 6 to that we receive from the Sun at our
distance ∼ 5 × 10−6 pc.
8. Compare the order of magnitude of the flux from 6 to that from stars in the Milky Way
(total luminosity ∼ 1010 L⊙ ). Most of this light comes for the Milky Way’s center at a distance
of ∼ 10kpc.
If this examination had been held at some other time t′0 6= t0 , the flux given by equation 9 would be
different. The most important differences would be in the dimensioned factor F (t).
9. Give F (t′0 ) as a function of F (t0 ) and of a(t′0 )/a(t0 ) for (ΩM , ΩΛ ) = (0, 1)
10. Same as 9 but for (ΩM , ΩΛ ) = (1, 0)
The function g(u) in equation 9 would also be different at t′0 6= t0 since it depends on the ΩM and ΩΛ
that would be defined by replacing t0 by t′0 in equations 4 and 3.
11. Give ΩM (t′0 ) and ΩΛ (t′0 ) as a function of ΩM and ΩΛ (their values at t0 ) and of a(t′0 )/a0
If you have done (11) correctly you have discovered ΩM , and ΩΛ are time-independent if (ΩM , ΩΛ ) = (1, 0)
or (ΩM , ΩΛ ) = (0, 1). In these two cases, the integral in equation 9 is time-independent (at least for
a(tg )/a0 → 0). This means that the time dependence of f (t) is that given by F (t) found in 9 and 10.
An active area of research is to determine when and how the first galaxies were formed. Figure 1 shows
one of the highest redshift galaxies observed in the so-called Hubble Ultra-Deep Field. Four zooms are
shown at the bottom, each zoom being an image taken with a filter centered on the marked wavelengths.
The galaxy in question is seen in three of the four zooms (pointed to by the arrow).
We note that most light produced in any galaxy at λ < 100nm is absorbed before it leaves the galaxy
through photo-ionization of galactic gas.
12. Estimate the redshift of the galaxy pointed to in figure 1.
Most stellar energy is produced in nuclear reactions that transform four protons into a helium nucleus in
stellar cores. This transformation liberates ∼ 7M eV per proton. Most of this energy is thermalized in the
star and leaves the stellar surface as starlight.
The Milky Way contains about 1067 protons (1010 M⊙ ) and has a luminosity of ∼ 1010 L⊙ ∼ 2×1055 eV s−1
13. How long can the Milky Way continue to produce starlight at the present rate before all
its hydrogen has been converted to helium?
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Box 3: The Discovery and
Study of Galaxies at
Redshifts z > 7
The search for galaxies at extreme
redshifts has been revolutionized
by the successful installation of the
new camera Wide Field Camera 3
(WFC3) in the Hubble Space
Telescope (HST). Panel a shows
the deepest near-infrared image yet
taken with the new WFC3/IR
camera of the Hubble Ultra-Deep
Field (UDF) with the positions of
newly-discovered z ~ 7–8
galaxies39-41 indicated (circles). For
a selected z~7 candidate, panel b
shows that clear detections in the Y
(1.05micron), J (1.2micron) and H
(1.6micron) bands with WFC3/IR
combined with the non-detection in
the optical z-band (0.85micron) with
the Advanced Camera for Surveys
(ACS) yield a secure photometric
redshift39 of z = 7.2.

~10−7 of sky

870nm

1050nm

1200nm

1600nm

3

The first-year WFC3/IR
observations have already
produced sufficient numbers of
high-redshift galaxies to allow the
first reliable determination of the
galaxy luminosity function at z = 7
(circles, panel c, 1 s.d. error bars),
and an initial estimate at z = 8
(circles, panel d, 1 s.d. error bars)
3 9 . Large-area ground-based
surveys48 (open squares, panel c, 1
s.d. error bars) are required to
uncover the rarest luminous objects
at the bright end of the luminosity
function, while the newly approved
HST Multi-cycle Treasury program,
CANDELS, will provide a few
hundred galaxies at luminosities
around the characteristic luminosity
L* at z=7-8. More sensitive imaging
in the UDF is both achievable and
necessary to measure the number
densities of fainter galaxies and to
extend these studies to z ~ 9-10.

