
1. Hypernuclei



Hyperons

⦿ Hyperon: a baryon containing one, two or three s quarks in addition to u and d quarks

What is a hyperon ? 

"  A hyperon  is a baryon made of   
one , two or three strange quarks 

Hyperon Quarks I(JP) Mass (MeV) 

Λ( uds 0(1/2+) 1115 
Σ+( uus 1(1/2+) 1189 
Σ0( uds 1(1/2+) 1193 
Σ-( dds 1(1/2+) 1197 
Ξ0( uss 1/2(1/2+) 1315 
Ξ-( dss 1/2(1/2+) 1321 
Ω-( sss 0(3/2+) 1672 

○Hyperons decay weakly (strangeness conserved by strong and EM interactions)

○New quantum number: strangeness



Hypernuclei

⦿ Hypernucleus: a nucleus with at least one hyperon in addition to protons and neutrons

○ About 40 hypernuclei produced and measured

○Motivation: could give additional insight into standard nuclei

○ Theoretical description: NY and YY interactions not very well known (not to mention 3BFs)



Hyperons in neutron stars

○ Density high enough to make  n+n ➝ n + Λ  energetically favourable

⦿ Hyperons could appear in the core of a neutron star

Effect of Hyperons in the EoS and Mass of  
Neutron Stars 

“stiff” EoS 

“stiff” EoS 

“soft” EoS 

“soft” EoS 

Relieve of  Fermi pressure due to the 
appearance of hyperons %

 EoS softer % reduction of the mass 

➝ Hyperon puzzle

⦿ If hyperons do appear, the EoS is softened ➝ incompatible with experimental observations

⦿ Possible solutions:

○ Poor knowledge of NY, YY, NNY, NYY, YYY interactions

○ Transition to quark matter in the neutron star interior
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2. Tetraneutron



Neutral nuclei

⦿ Do neutral nuclei exist?

○ Odd-even staggering  ➝  even N

○Not too many neutrons (hard to bring them together)  ➝  N=4 (tetraneutron)

Multi-neutrons : Tetraneutrons ?g

! Well-established facts :

• dineutron is unbound

• neutron stars are bound

• masses of light nuclei :
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! Candidate systems ?

• odd-even staggering : even N

• ideally ‘magic’ numbers (?)

• hard to put many neutrons together !

→ N=4

! Biggest issues :

• production of a too n-rich system ...

• detection of a neutral object ...
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⦿ Candidates

○ Production of very neutron-rich systems

○ Detection of a neutral object

⦿ Biggest issues



Tetraneutron: experiments

⦿ DEMON experiment @ GANIL, Caen

From GANIL ... to RIKENg

! The DEMON campaigns :

14Be
(C)−→ 10Be + 4n (’01,’02)

8He
(C)−→ 4He + 4n (’02)

12/14Be
(C)−→ αα + 4/ 6n (’02)

15B
(C)−→ 14Be* → 4n (’05,’06)

. ➯ experimental program stopped ...

! MUST collaboration :

8He
(d)−→ 6Li [+ 4n ] (’02,’04)

. . . . . . . . . . . . . . . . . . . . . . . . . . .
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⦿ SHARAQ experiment @ RIKEN, Tokyo

From GANIL ... to RIKENg

! The DEMON campaigns :

14Be
(C)−→ 10Be + 4n (’01,’02)

8He
(C)−→ 4He + 4n (’02)

12/14Be
(C)−→ αα + 4/ 6n (’02)

15B
(C)−→ 14Be* → 4n (’05,’06)

. ➯ experimental program stopped ...

! MUST collaboration :

8He
(d)−→ 6Li [+ 4n ] (’02,’04)

. . . . . . . . . . . . . . . . . . . . . . . . . . .

! Shimoura et al (SHARAQ) :

4He (8He,αα) 4n (’12)
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RIKEN : “Candidate Resonant Tetraneutron”g

Kisamori, Shimoura, PRL 116 (2016) 052501

4He (8He,αα) 4n

→ E(4n) = 0.8 ± 1.3 MeV !

→ Γ(4n) < 2.6 MeV

→ σ(4n) ∼ 4 nb
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the neutron energy distributions exhibit two components:
the neutrons from the breakup of the projectile !distribution
centered close to the beam velocity, "30 MeV/nucleon#and
low-energy neutrons evaporated by the excited target-like
residue. In the case of 15B, the neutrons arising from breakup
are shifted to higher energies due to the higher energy of the
beam, and therefore the ratio of background to neutrons is
still relatively high at 11 MeV/nucleon !dotted lines in Fig.
4#. A limit of En!15–18 MeV/nucleon was thus imposed
for the 15B data.

III. RESULTS

The detection of neutrons produced in the reaction
(14Be, 12Be"n) is displayed in Fig. 3; a channel in which An
clusters should be absent. We observe that the flat distribu-
tion predicted for n-p scattering describes the data well, ex-
cept for a small fraction of events at low Ep /En . As noted
earlier, these correspond to reactions on 12C which always
generate smaller light outputs $31%.
The charged fragments produced in the breakup of the

beam particles were identified using the energy loss (&ESi)
and residual energy (ECsI) signals derived from the telescope
!Fig. 5#. One-dimensional spectra representing the particle
identification !PID#were constructed as $28,32%

PID!!&ESi"a#exp'#!ECsI#b#2/2c2(. !1#

The PID distribution for each beam !left panels in Figs. 6

and 7#exhibits peaks corresponding to isotopes of H, He, Li,
Be, and B. The parameters a, b, c of Eq. !1#were adjusted
using the Be isotopes $28%, in which the peaks corresponding
to 10,12Be are well resolved !Figs. 6 and 8#. The cross sec-

FIG. 4. Data from the reactions (AZ ,X"n) with 14Be, 11Li, and
15B beams !solid, dashed, and dotted lines, respectively#. Left-
top: neutron energy distribution; the shaded area corresponds to
the energy range used in the present analysis; the percentage of
events in the hatched area with Ep /En$1.4 is shown in the lower
panel as a function of the particle identification parameter defined in
Eq. !1#. Right-top: evolution with energy of the ratio of )- and
cosmic-ray events to neutrons detected in DEMON.

FIG. 5. Scatter plot of the energies deposited in the Si-CsI tele-
scope for the reaction (14Be,X"n). Symbols correspond to the
seven events in Fig. 6 with Ep /En$1.4. The horizontal band is
discussed in the text.

FIG. 6. Scatter plot and the projections onto both axes of the
particle identification parameter PID defined in Eq. !1#vs Ep /En
for the data from the reaction (14Be,X"n). The PID projection is
displayed for all neutron energies. The dotted lines correspond to
Ep /En!1.4 and to the region centered on the 10Be peak.
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Tetraneutron: theory

Bound 4n incompatible with other light nuclei

⦿ Ab initio calculations: contradictory results

(5/5) Too wide resonances ?g

Lazauskas, Carbonell, PRC 71 (2005) 044004 (3n)

Lazauskas, Carbonell, PRC 72 (2005) 034003 (4n)

• bind 4n with V4n = −Wρ e−ρ/ρ0

• follow resonances when W→ 0

→ 3rd quadrant (ℜ(E)< 0, ℑ(E)< 0)

→ ΓR = −2ℑ(E) ∼ 15 MeV ...

Hiyama, PRC 93 (2016) 044004 (4n, 3n)

V3N(T ) =
!

i=1,2

Wi(T ) e−ρ2/b2i

➤ ➤

➤ ➤

➤ ➤

➤

→ ε(4n)> 0
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set of NCSM eigenenergies Eλ. Following this route, we
obtain an excellent description of the selected Eλ with an
rms deviation of 5.8 keV with a ¼ 0.724 MeV−1=2,
b2 ¼ 0.448 MeV, c ¼ 0.941 MeV−5=2, and d ¼ −9.1×
10−4 MeV−4. The resulting predictions for the NCSM
eigenenergies are shown by solid lines in the upper panel
in Fig. 1, where we also describe well NCSM energies with
large enough Nmax and/or ℏΩ not included in the mini-
mization fit. We obtain also an excellent description of
NCSM-SS-HORSE-predicted phase shifts as is shown by
the solid line in Fig. 2.
However, the resonance parameters describing the loca-

tion of the S-matrix pole obtained by this fit are surprisingly
small: the resonance energy Er ¼ 0.186 MeV and the
width Γ ¼ 0.815 MeV. Note that, looking at the phase
shift in Fig. 2, we would expect the resonance at the energy
of approximately 0.8 MeV corresponding to the maximum

of the phase shift derivative and with the width of about
1.5 MeV—a resonance with these parameters is expected to
be observed experimentally according to the conventional
interpretation of the phase shift behavior. The contribution
of the pole term (5) to the phase shifts is shown by the
dashed line in Fig. 2. This contribution is seen to differ
considerably from the resulting phase shift due to sub-
stantial contributions from the background phase (7), which
is dominated by the terms needed to fulfill the low-energy
theorem δ ∼ k2Lþ1 and to cancel low-power terms in the
expansion of the resonant phase δrðEÞ. Such a sizable
contribution from the background in the low-energy region
impels us to search for additional poles or other singular-
ities giving rise to a strong energy dependence which would
be separate from the background phase.
After we failed to find a reasonable description of the

NCSM SS HORSE phase shifts with a low-energy virtual
state, we found the resolution of the strong background
phase problem by assuming that the S matrix has an
additional low-energy false pole at a positive imaginary
momentum [44]. We add the false term contribution [24]

δfðEÞ ¼ −tan−1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E=jEfj

q
ð8Þ

to the phase shift to obtain the equation

δðEÞ ¼ ϕðEÞ þ δrðEÞ þ δfðEÞ; ð9Þ

replacing Eq. (4). This parametrization involves an additional
fitting parameter Ef. We obtain nearly the same quality
description of the selected 4n ground state energies with the
rms deviation of 6.2 keV with the parameters a ¼
0.701 MeV−1=2, b2 ¼ 1.089 MeV, c ¼ −27.0 MeV−5=2,
d ¼ 0.281 MeV−4, and a low-lying false pole at energy
Ef ¼ −54.9 keV. The respective 4n resonance at Er ¼
0.844 MeV and width Γ ¼ 1.378 MeV appears consistent
with what is expected from directly inspecting the 4n phase
shifts and what is predicted to be seen experimentally. The
parametrized phase shifts are shown by the solid line in Fig. 3
together with separate contributions from the resonant and
false pole terms. We note that corrections introduced by this
new parametrization to the solid lines in Figs. 1 and 2 are
nearly unseen in the scales of these figures.
Conclusions.—Our results with the realistic JISP16

interaction and the SS HORSE technique show there is
a resonant structure near 0.8 MeV above threshold with a
width Γ of about 1.4 MeV. Our preliminary NCSM SS
HORSE results with other NN potentials confirm the
conclusion of Ref. [17] that the tetraneutron resonance
should not be very sensitive to the choice of the NN
interaction: The 4n states at energies below a few MeVare
heavily influenced by the relative kinetic energy which, due
to the Pauli principle, receives a significant effective
attraction. This is the first theoretical calculation that
predicts such a low-energy 4n resonance, without altering
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FIG. 2. The 4 → 4 scattering phase shifts: parametrization with
a single resonance pole (solid line) and obtained directly from the
selected NCSM results using Eq. (2) (symbols). The dashed line
shows the contribution of the resonance term.
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FIG. 3. The same as Fig. 2 but for the parametrization with
resonance and false state poles. The dashed-dotted line shows the
contribution of the false state pole term.
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for 5;6;8n, while for Vijkl!T " 2# they are $ 358, $ 1370,
and $ 6690 MeV.

These enormous bindings indicate that matter will
collapse with such potentials. This is to be expected for
purely attractive many-nucleon potentials. One should add
a shorter-ranged stronger repulsion to obtain saturation.
Such a repulsion might improve the results for A % 6
nuclei. I studied this by using a repulsive term with
Yukawa radial forms of range 2m!. However, in order
to get any appreciable effect on 6He, the repulsive cou-
pling has to be made quite large; this then requires at least
a doubling of the attraction to still bind 4n; this results in
potentials that are so strong that the GFMC starts to
become unreliable. The apparent impossibility of correct-
ing the A " 6 results by such a term may also be seen
from the rms radii of the 4n reported above; they are
smaller than the experimental value for 6Li and reason-
able 6He radii. Thus, a short-ranged repulsion that still
leaves the 4n bound will certainly result in A " 6 nuclei
with too small rms radii.

In all of these cases, I have made isospin-conserving
modifications to the AV18/IL2 Hamiltonian; thus, there
have been T " 1 additions to the NN potential, or a T " 3

2
addition to the NNN potential, or a T " 2 addition to the
NNNN potential. One could modify the force only for nn
pairs or nnn triples or nnnn quadruples since the nuclear
force is least well determined for such systems. Such
changes would mean much larger charge-symmetry
breaking and charge-independence breaking potentials
than are presently accepted. But even so, the changes to
the NN force, if limited to just nn pairs, would still bind
two neutrons, which would change the experimental scat-
tering length from & $ 18 fm to a positive value. Such a
nn potential would still bind 6n and 8n. I estimate that it
would still increase the binding of 3H by 3 MeV while it
would have no effect on 3He. Thus, the Nolen-Schiffer
energy for the A " 3 system would be some 5 times too

large. Many of the devastating effects shown in Fig. 4
would similarly persist even if the potentials were limited
to nnn triples or nnnn quadruples.

The GFMC method is presently limited to local poten-
tials while meson-exchange potentials may contain sig-
nificant nonlocalities; thus, one might wonder if nonlocal
NN potentials could produce a bound 4n without binding
2n. As discussed, the negative-energy 4n produced by
modifying the NN force have very large ( > 7 fm) rms
radii and consist of dineutrons with rms radii of &3 fm.
These are much larger than the distances over which
nonlocalities are significant, so the limitation to local
potentials should not matter.

In conclusion, should the results of Ref. [1] be con-
firmed (Ref. [2] contains additional considerations of
background in these types of experiments), our current
very successful understanding of nuclear forces would
have to be severely modified in ways that, at least to
me, are not at all obvious.
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Narrow resonance found at 0.8 MeV

Realistic 3N forces leads to very broad resonance
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3. Three-nucleon forces



Need for three-nucleon forces

⦿ Three-nucleon forces crucial for a quantitative understanding of nuclear structure

2N

2N+3N

[Hebeler et al. 2015]
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Three-nucleon forces from EFT

⦿ Lowest-order 3N forces (NNLO)
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I. INTRODUCTION

The physics of neutron matter ranges over exciting ex-
tremes: from universal properties at low densities [1,2] that
can be probed in experiments with ultracold atoms [3]; to
using neutron matter properties at nuclear densities to guide
the development of a universal density functional [4,5] and to
constrain the physics of neutron-rich nuclei; to higher densities
involved in the structure of neutron stars [6]. In the theory of
nuclear matter, recent advances [7,8] are based on systematic
chiral effective field theory (EFT) interactions [9,10] combined
with a renormalization group (RG) evolution to low momenta
[11,12]. This evolution improves the convergence of many-
body calculations [7,13,14], and the nuclear matter energy
shows saturation with controlled uncertainties [8]. In this
paper, we extend these developments to neutron matter with a
focus on three-nucleon (3N) forces.

Our studies are based on evolved nucleon-nucleon (NN)
interactions at next-to-next-to-next-to-leading order (N3LO)
[15,16] and on the next-to-next-to-leading order (N2LO) 3N
forces [17,18]. In Sec. II, we show that only the long-range 2π -
exchange 3N interactions contribute in pure neutron matter. We
then construct density-dependent two-body interactions V 3N
by summing the third particle over occupied states in the Fermi
sea. Effective interactions of this sort have been studied in the
past by using 3N potential models and approximate treatments
(see, for example, Refs. [19,20]). We derive a general operator
and momentum structure of V 3N and analyze the partial-wave
contributions and the density dependence of V 3N. This pro-
vides insights to the role of chiral 3N forces in neutron matter.

In Sec. III, we apply V 3N to calculate the properties of
neutron matter as a function of Fermi momentum kF [or the
density ρ = k3

F/(3π2)] based on a loop expansion around the
Hartree-Fock energy. Our second-order results for the energy
suggest that neutron matter is perturbative at nuclear densities,
where N2LO 3N forces provide a repulsive contribution.

*hebeler@triumf.ca
†schwenk@physik.tu-darmstadt.de

We study in detail the theoretical uncertainties of the neutron
matter energy and find that the uncertainty in the c3 coefficient
of 3N forces dominates. Other recent neutron matter
calculations lie within the resulting energy band. In addition,
the energy band provides constraints for the symmetry energy
and its density dependence. Finally, we study the impact of
chiral 3N forces on the 1S0 superfluid pairing gap at the BCS
level. We conclude and give an outlook in Sec. IV.

II. 3N FORCES AS DENSITY-DEPENDENT TWO-BODY
INTERACTIONS

Nuclear forces depend on a resolution scale, which is
generally determined by a momentum cutoff #, and are given
by an effective theory for scale-dependent two-nucleon and
corresponding many-nucleon interactions [9–11,21]:

H (#) = T + VNN(#) + V3N(#) + V4N(#) + · · · . (1)

Our calculations are based on chiral EFT interactions. We start
from the N3LO NN potential (# = 500 MeV) of Ref. [15]
and use the RG to evolve this NN potential to low-momentum
interactions Vlow k with a smooth nexp = 4 regulator with
# = 1.8 − 2.8 fm−1 [12,22]. This evolution softens the
short-range repulsion and short-range tensor components of
the initial chiral interaction [7,23]. Based on the universality
of Vlow k [8,12], we do not expect large differences starting
from different N3LO potentials.

In chiral EFT without explicit Deltas, 3N forces start at
N2LO and contain a long-range 2π -exchange part Vc, an
intermediate-range 1π -exchange part VD , and a short-range
contact interaction VE [17,18]:

π π π

c1, c3, c4 cD cE

(2)

The 2π -exchange interaction is given by

Vc = 1
2

!
gA

2fπ

"2 #

i ̸=j ̸=k

(σ i · qi)(σ j · qj )$
q2

i + m2
π

%$
q2

j + m2
π

%F
αβ
ijkτ

α
i τ

β
j , (3)
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nuclear matter, recent advances [7,8] are based on systematic
chiral effective field theory (EFT) interactions [9,10] combined
with a renormalization group (RG) evolution to low momenta
[11,12]. This evolution improves the convergence of many-
body calculations [7,13,14], and the nuclear matter energy
shows saturation with controlled uncertainties [8]. In this
paper, we extend these developments to neutron matter with a
focus on three-nucleon (3N) forces.

Our studies are based on evolved nucleon-nucleon (NN)
interactions at next-to-next-to-next-to-leading order (N3LO)
[15,16] and on the next-to-next-to-leading order (N2LO) 3N
forces [17,18]. In Sec. II, we show that only the long-range 2π -
exchange 3N interactions contribute in pure neutron matter. We
then construct density-dependent two-body interactions V 3N
by summing the third particle over occupied states in the Fermi
sea. Effective interactions of this sort have been studied in the
past by using 3N potential models and approximate treatments
(see, for example, Refs. [19,20]). We derive a general operator
and momentum structure of V 3N and analyze the partial-wave
contributions and the density dependence of V 3N. This pro-
vides insights to the role of chiral 3N forces in neutron matter.

In Sec. III, we apply V 3N to calculate the properties of
neutron matter as a function of Fermi momentum kF [or the
density ρ = k3

F/(3π2)] based on a loop expansion around the
Hartree-Fock energy. Our second-order results for the energy
suggest that neutron matter is perturbative at nuclear densities,
where N2LO 3N forces provide a repulsive contribution.
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We study in detail the theoretical uncertainties of the neutron
matter energy and find that the uncertainty in the c3 coefficient
of 3N forces dominates. Other recent neutron matter
calculations lie within the resulting energy band. In addition,
the energy band provides constraints for the symmetry energy
and its density dependence. Finally, we study the impact of
chiral 3N forces on the 1S0 superfluid pairing gap at the BCS
level. We conclude and give an outlook in Sec. IV.

II. 3N FORCES AS DENSITY-DEPENDENT TWO-BODY
INTERACTIONS

Nuclear forces depend on a resolution scale, which is
generally determined by a momentum cutoff #, and are given
by an effective theory for scale-dependent two-nucleon and
corresponding many-nucleon interactions [9–11,21]:

H (#) = T + VNN(#) + V3N(#) + V4N(#) + · · · . (1)

Our calculations are based on chiral EFT interactions. We start
from the N3LO NN potential (# = 500 MeV) of Ref. [15]
and use the RG to evolve this NN potential to low-momentum
interactions Vlow k with a smooth nexp = 4 regulator with
# = 1.8 − 2.8 fm−1 [12,22]. This evolution softens the
short-range repulsion and short-range tensor components of
the initial chiral interaction [7,23]. Based on the universality
of Vlow k [8,12], we do not expect large differences starting
from different N3LO potentials.

In chiral EFT without explicit Deltas, 3N forces start at
N2LO and contain a long-range 2π -exchange part Vc, an
intermediate-range 1π -exchange part VD , and a short-range
contact interaction VE [17,18]:

π π π
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(2)

The 2π -exchange interaction is given by
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where qi = k′
i − ki denotes the difference of initial and final

nucleon momenta (i, j and k = 1, 2, 3) and
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ijk = δαβ
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2
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while the 1π -exchange and contact interactions, respectively,
are given by

VD = − gA

8f 2
π

cD

f 2
π (χ

#
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σ j · qj

q2
j + m2

π

(τ i · τ j )(σ i · qj ), (5)

VE = cE

2f 4
π (χ

#

j ̸=k

(τ j · τ k), (6)

with gA = 1.29, fπ = 92.4 MeV, mπ = 138.04 MeV and
(χ = 700 MeV. For 3N interactions, we use a smooth
regulator as in Ref. [8],

fR(p,q) = exp
!
− (p2 + 3q2/4)2

(4
3NF

"
, (7)

with a 3N cutoff (3NF that is allowed to vary indepen-
dently of the NN cutoff and probes short-range three-body
physics. Here, p and q are initial Jacobi momenta (the
final Jacobi momenta are denoted by p′ and q′). The ex-
change terms of the 3N force are included by means of the
antisymmetrizer,

A123 = (1 + P12P23 + P13P23)(1 − P23), (8)

= 1 − P12 − P13 − P23 + P12P23 + P13P23, (9)

where Pij is the exchange operator for spin, isospin, and
momenta of nucleons i and j . The regulator fR(p,q) is totally
symmetric when expressed in the nucleon momenta ki ; and,
thus, the direct and exchange terms contain the same regulator.

In this paper, we take the N2LO 3N forces as a truncated
basis for low-momentum 3N interactions and assume that
the ci coefficients of the long-range 2π -exchange part Vc are
not modified by the RG evolution. This follows the strategy
adapted in Refs. [7,8,24], until it will be possible to evolve
many-body forces in momentum space starting from chiral
EFT. For chiral low-momentum interactions, the cD and cE

couplings have been fit for various cutoffs to the 3H binding
energy and the 4He radius in Ref. [8]. However, as will be
shown in the following, in pure neutron matter, only the c1
and c3 terms of the 2π -exchange part Vc contribute so that
the leading low-momentum three-neutron interactions will
not depend on the shorter-range parts. Since the cD and cE

couplings do not enter in neutron matter, we take for the
ci coefficients the consistent values used in the N3LO NN
potential of Ref. [15], in particular, c1 = − 0.81 GeV− 1 and
c3 = − 3.2 GeV− 1.

In addition, we will estimate the uncertainties of the two
assumptions we have made for 3N forces. First, we will vary
the cutoff to probe the sensitivity to neglected short-range
many-body interactions and to the completeness of the many-
body calculation. Second, we will study the dependence of
our results on the choice of the ci coefficients within their
theoretical uncertainties in Sec. III D.

A. Chiral 3N forces in neutron matter

Neutron matter presents a very interesting system because
only certain parts of the N2LO 3N forces contribute (see,
for instance, Ref. [25]). First, the contact interaction VE van-
ishes between antisymmetrized states because three neutrons
cannot interact in relative S-wave states due to the Pauli
principle.

Second, the antisymmetrized 1π -exchange part VD van-
ishes because of the particular spin-momentum structure of
this interaction. With τ i · τ j = 1 for neutrons, one has

A123VD|nnn ∼ A123

#

i ̸=j ̸=k

σ j · qjσ i · qj

q2
j + m2

π

, (10)

where, in Eq. (10), and in the following, the isospin-exchange
operator P τ

ij = 1 in the antisymmetrizer. The sum over i ̸=
j ̸= k can be grouped into three terms, σ 1 · q1(σ 2 + σ 3) · q1,
and with 1(23) replaced by 2(13) and 3(12). The first of these
three terms is independent of the momenta of particles 2 and 3
and is nonvanishing only if the spin part of the wave function is
symmetric under the exchange of the spins of particles 2 and 3.
This implies P23 = 1 and, by using the product representation
of the antisymmetrizer, Eq. (8) leads to

A123σ 1 · q1(σ 2 + σ 3) · q1 = 0. (11)

The other two terms in VD vanish similarly. The physical
reason for A123VD

$$
nnn

= 0 is that the two particles, which
interact through the contact interaction cD of Eq. (2), are
required to be in a symmetric two-body spin state due to
the structure σ i + σ j (because pion exchange couples to
the sum of the spins), but the interaction does not depend
on the momenta of these two particles, which means the
momentum-space wave function will be symmetric. Therefore,
the two particles cannot be in an overall antisymmetric state.

Finally, the c4 term in Eq. (4) of the 2π -exchange part
Vc does not contribute for neutrons because of the isospin
structure with ⟨nnn|τ 1 · (τ 2 × τ 3)|nnn⟩ = 0. As a result, the
N2LO 3N force in neutron matter is given by

A123V3N|nnn = fR(p′,q′)fR(p,q)
g2

A

4f 4
π

A123

×
#

i ̸=j ̸=k

(σ i · qi)(σ j · qj )%
q2

i + m2
π

&%
q2

j + m2
π

&

×
'
− 2c1m

2
π + c3qi · qj

(
. (12)

The direct single- and double-exchange terms included in
Eq. (12) are shown diagrammatically in Fig. 1. Since c3
is typically a factor 4 larger than c1 and because qi · qj

increases with density compared to m2
π (for densities of interest

q ∼ kF ∼ 2mπ ), the N2LO 3N force in neutron matter is
therefore dominated by the c3 contribution.

B. Operator structure of V 3N

Based on the N2LO 3N force Eq. (12), we construct an
antisymmetrized density-dependent two-body interaction V 3N
in neutron matter by summing the third particle over occupied
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and c3 terms of the 2π -exchange part Vc contribute so that
the leading low-momentum three-neutron interactions will
not depend on the shorter-range parts. Since the cD and cE

couplings do not enter in neutron matter, we take for the
ci coefficients the consistent values used in the N3LO NN
potential of Ref. [15], in particular, c1 = − 0.81 GeV− 1 and
c3 = − 3.2 GeV− 1.

In addition, we will estimate the uncertainties of the two
assumptions we have made for 3N forces. First, we will vary
the cutoff to probe the sensitivity to neglected short-range
many-body interactions and to the completeness of the many-
body calculation. Second, we will study the dependence of
our results on the choice of the ci coefficients within their
theoretical uncertainties in Sec. III D.

A. Chiral 3N forces in neutron matter

Neutron matter presents a very interesting system because
only certain parts of the N2LO 3N forces contribute (see,
for instance, Ref. [25]). First, the contact interaction VE van-
ishes between antisymmetrized states because three neutrons
cannot interact in relative S-wave states due to the Pauli
principle.

Second, the antisymmetrized 1π -exchange part VD van-
ishes because of the particular spin-momentum structure of
this interaction. With τ i · τ j = 1 for neutrons, one has

A123VD|nnn ∼ A123

#

i ̸=j ̸=k

σ j · qjσ i · qj

q2
j + m2

π

, (10)

where, in Eq. (10), and in the following, the isospin-exchange
operator P τ

ij = 1 in the antisymmetrizer. The sum over i ̸=
j ̸= k can be grouped into three terms, σ 1 · q1(σ 2 + σ 3) · q1,
and with 1(23) replaced by 2(13) and 3(12). The first of these
three terms is independent of the momenta of particles 2 and 3
and is nonvanishing only if the spin part of the wave function is
symmetric under the exchange of the spins of particles 2 and 3.
This implies P23 = 1 and, by using the product representation
of the antisymmetrizer, Eq. (8) leads to

A123σ 1 · q1(σ 2 + σ 3) · q1 = 0. (11)

The other two terms in VD vanish similarly. The physical
reason for A123VD

$$
nnn

= 0 is that the two particles, which
interact through the contact interaction cD of Eq. (2), are
required to be in a symmetric two-body spin state due to
the structure σ i + σ j (because pion exchange couples to
the sum of the spins), but the interaction does not depend
on the momenta of these two particles, which means the
momentum-space wave function will be symmetric. Therefore,
the two particles cannot be in an overall antisymmetric state.

Finally, the c4 term in Eq. (4) of the 2π -exchange part
Vc does not contribute for neutrons because of the isospin
structure with ⟨nnn|τ 1 · (τ 2 × τ 3)|nnn⟩ = 0. As a result, the
N2LO 3N force in neutron matter is given by

A123V3N|nnn = fR(p′,q′)fR(p,q)
g2

A

4f 4
π

A123

×
#

i ̸=j ̸=k

(σ i · qi)(σ j · qj )%
q2

i + m2
π

&%
q2

j + m2
π

&

×
'
− 2c1m

2
π + c3qi · qj

(
. (12)

The direct single- and double-exchange terms included in
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Scaling of three-nucleon matrix elements

⦿ Storage of full three-body basis is extremely demanding

A. Tichai — ESNT workshop on ‘Quantum computing and scientific research’ - June 2019

Dimensionality of many-body operators

 7

• In large-scale applications 3B matrix element files can be 100 Gb in size 

• Benchmark from full diagonalization in light systems: 4B effects are small ( ≈100 keV in He4 ) 

We do not know the size of 4B forces in medium-mass systems!
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FIG. 1: (color online) Memory required to store the T -
coefficients (◆), as well as the three-body matrix elements in the
antisymmetrized-Jacobi (!), JT -coupled (▲), and m-scheme (●)
representation as function of the maximum three-body energy quan-
tum number E3max. All quantities are assumed to be single-precision
floating point numbers.
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(16)

with all M and MT quantum numbers determined by sums of
the single-particle m and mt quantum numbers, e.g., Mab =

ma +mb. This decoupling is trivial and requires only Clebsch-
Gordan coefficients. Therefore, the decoupling can be easily
and efficiently done on the fly during the many-body calcula-
tion.

F. Computational strategy

After discussing the formal steps for the calculation of the
three-body matrix elements entering NCSM-type many-body
calculations, we would like to address a few computational
aspects, since they are crucial for practical applications and
set the limits for present ab initio calculations.

The calculation of three-body matrix elements is a prime
example for the ’recompute versus store’ paradigm. In many
NCSM applications including chiral 3N interactions [8, 30,
42], the complete set of m-scheme matrix elements (16) was
computed and stored before the actual many-body calcula-
tion. As mentioned earlier, the sheer number of three-body m-
scheme matrix elements sets a severe limit to the model-space
sizes that are accessible with this approach. This is illustrated
in Fig. 1 which shows the memory needed to store m-scheme
matrix elements of the 3N interaction exploiting all basic sym-
metries as function of the maximum total energy quantum

number E3 max of the three-body states. For a NCSM calcu-
lation of a mid p-shell nucleus in Nmax = 8, corresponding to
E3 max = 11, about 33 GB are needed to store the necessary
3N matrix elements in single precision exploiting all symme-
tries [29]. Moreover, disk-I/O and memory access is nontriv-
ial for these huge sets. In order to extend the NCSM model
space to Nmax = 12 or even 14 for mid p-shell nuclei, we
have made a first step towards a ’recompute instead of store’
strategy in Ref. [33]. Instead of precomputing m-scheme ma-
trix elements, we only precompute and store the JT -coupled
matrix elements defined by Eq. (14). All the computationally
demanding steps of the transformation are still done in the
precompute phase. However, as illustrated in Fig. 1, the stor-
age needed for the JT -coupled matrix elements is reduced by
up to three orders of magnitude. For an Nmax = 8 p-shell cal-
culation only 0.4 GB of storage is needed for the three-body
matrix elements in single precision.

The price to pay for this gain is the on-the-fly decou-
pling (16) of the three-body matrix elements during the many-
body calculation. We have optimized the storage scheme for
the JT -coupled matrix elements to facilitate a fast and cache-
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exploit antisymmetry and hermeticity. The six inner loops are
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ab
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ment. The angular-momentum loops use the triangular con-
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bers and then evaluate the decoupling loops as a linear sweep
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celerator cards and first developments along these lines have
been successful already [53]. The standard implementation of
the JT -coupled scheme has already been adopted in various
many-body methods [18, 21, 22, 29, 34–36].

One could consider to push the boundary further towards
recompute in order to save even more memory. Presently we
compute and store the JT -coupled matrix elements via the
transformation (14) before the many-body calculation. The
T coefficients as well as the HOBs, 6 j and 9 j symbols that
enter Eq. (10) are cached for performance reasons. Both, the
storage of the resulting JT -coupled matrix elements and the
caching of the T coefficients requires similar and substantial
amounts of memory, as illustrated in Fig. 1. Therefore, an
on-the-fly evaluation of the transformation (14) using precom-
puted T coefficients will not reduce the storage needs as com-
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Storage schemes

• Storage of full three-body basis is computationally out of reach (even in coupled form)  

• Additional 3B truncation penalizes configurations with highly excited single-particle states

Truncation in 3B space

ek1 + ek2 + ek3  E3max
<latexit sha1_base64="nCjIOMrmojQklwyvcPeZ5gi7bE8="></latexit>

[Roth et al. 2014]

○ Severe truncations on three-body matrix elements typically enforced



Pre-processing techniques

⦿ Ways to pre-process the many-body problem are being developed

⦿ Two-body forces can be factorised asIntroduction pp-separable NN ph-separable NN ph-separable 3N Summary
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I. INTRODUCTION

The concept of quasiparticle plays a key role in the
description and understanding of many-body systems. It
is at the core of Landau’s theory of Fermi liquids [1] [...]

In nuclear physics, the success of the shell model can be
interpreted in terms of weakly interacting quasiparticles.
[...]

Green’s functions provide the proper theoretical
framework for defining quasiparticles [2].

Mean free path, general relevance and recent exper-
iments.

Description of the content of the paper.

II. THEORETICAL SCHEME

A. Quasiparticles in infinite systems

In a finite N -body system the poles of the single-
particle Green’s function (GF) along the energy axis
represent the (ground-state and excited) energies of the
(N ±1) systems relative to the N -body ground state and
are usually denoted as one-particle separation or excita-
tion energies. When N increases this energy spectrum
becomes more and more degenerate and a description in
terms of isolated excitations less meaningful. In the ther-
modynamic limit the energy gap between two adjacent
excitation tends to zero, which can be mathematically
translated into the poles of the GF being transformed
into branch cuts. In this limit the spectral function be-
comes a continuous function of the energy that is typical
characterised by a smooth background and prominent
peaks. One can then identify such peaks with quasi-
particles, whose energy now represents some (coherent)
excitation of the system. The broadness of the peak can
instead be associated with the degree of de-coherence,
or lifetime, of such excitation, formally accounted for by
assigning an imaginary part to the quasiparticle energy.

The resulting complex poles are in fact not an approx-
imated tool introduced to describe the broad features of
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the spectrum. It is easy to see that in the thermodynamic
limit the single-particle propagator becomes ill-defined if
the energy is real-valued, while the introduction of a (in-
finitesimally small) imaginary energy component removes
the issue. One therefore always works, formally, with
propagators G(k,!± i⌘) where k denotes the momentum
modulus1, ! 2 R the energy and ⌘ ! 0+. Particularly
relevant are the so called advanced and retarded propa-
gators, which read in their Lehmann representation

GR/A(k,!) =

Z
d!0

2⇡

A(k,!0)

! � !0 ± i⌘
, (1)

where A(k,!) is the positive-definite spectral function.
One could think that by simply substituting ! with a
complex energy z = ER + iEI and by searching for the
poles of G(k, z), i.e. starting from the complex Dyson
equation

G�1(k, z) = z � k
2

2m
� ⌃(k, z) , (2)

and solving

vijkl =
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a
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a

ik
g
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jl
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kl
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X

k

X

l

X
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�a g
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jl

ER+iEI =
k
2

2m
+Re⌃(k,ER+iEI)+i Im⌃(k,ER+iEI) ,

(3)
one would access real and imaginary part of quasiparti-
cle energies and consequently detailed information about
excitations of the system. However, one can show that G
fulfils the the reflection property

G(k, z)⇤ = G(k, z⇤) , (4)

1
We consider here a homogeneous system governed by a time-

independent Hamiltonian. In this case one-body quantities like

the single-particle propagator depend only on the (relative) po-

sition modulus and time di↵erence, or their Fourier counterparts

momentum modulus and energy (see Sec. III A).
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N2 m

(N    +    N)   =   mN

(➝ Singular Value Decomposition)

10%

[Lesinski 2013]

⦿ Higher-order tensors: exploit techniques from applied maths (e.g. Higher-Order SVD)

○ Tensor-decomposition techniques

[Tichai et al. 2019]
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