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Chapter 2: NN interaction



⦿ Nucleon-nucleon scattering

○ Example of phase shifts

Nucleon-nucleon phase shifts
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⦿ Nucleon-nucleon scattering

○ Example of phase shifts
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Yukawa potential

○ Coulomb interaction between charged particles (infinite range)
What was known:

○ Nuclear interaction is short range ~ 2 fm

➪ Idea: nuclear force mediated by massive spin-0 boson (the “mesotron” ➝  later, pion)
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○ Generate tensor and τ·τ structures

○ 1950’s: Multi-pion exchange: disaster
○ 1960’s: More mesons discovered  ➝  multi-pion resonances ≈ exchange of heavier mesons

e- e-

γ

N N

𝜋
[Yukawa, Proca] Yukawa potential

1935

Range ~ Compton wavelength of exchanged boson ~ 1/mm ~ 100 MeV  ←   r ~ 2 fm

⦿ One-pion exchange describes long-range attraction between nucleons

⦿ However, not the full story. Short-range part?

○ Works so well that, as of today, it is part of most sophisticated potential models!



One-boson-exchange potentials

⦿ Meson with larger masses (𝜌,ω, σ) can model ranges smaller than 1/m𝜋

○ Different spin/isospin structures generated

○ Parts sometimes phenomenological (or the whole, e.g. Av18)

⦿ Experimental side: more and more precise NN data

⦿ Theoretical side: more sophisticated potentials   ➝   χ2 ≈ 2 in the 1980’s, χ2 ≈ 1 in the 1990’s

1970’s



Three-nucleon forces

⦿ Calculations with accurate (χ2= 1) OBE potentials show deficiencies in systems with A>2 

○ Saturation point of nuclear matter is not reproduced

The need for three-body forces

‣ empirical values for saturation

[ Akmal et al., Phys. Rev. C 58 (1998) ]

[ Baldo and Maieron, J. Phys. G 34 (2007) ]

Chapter 4

Nuclear matter properties with
three-body forces

4.1 Energy in symmetric nuclear matter

⇥sat � ⇥0 = 0.16± 0.01 fm�3 (4.1)
Esat/N � B = 16± 1 MeV (4.2)

We consider in the following only two of the four realistic NN interactions employed
in Chapter 2, namely the CD-Bonn and the Nijmegen potentials. These proved to be
the most stable at low/high density and high temperature, moreover the A18 and Reid
calculations are characterized by an excessive repulsive behaviour below saturation
density, which cannot be cured with the introduction of three-body forces. This is
possibly due to the inability of the T-matrix scheme to treat correctly the strong
repulsive core in the case of Argonne, and the quantitative inaccuracy of the dated
Reid interaction.

For the two mentioned potentials the averaged three-body forces have been added
to the two-body contributions as outlined in details in Chapter 3. First the calculations
have been performed around saturation density in order to tune the two parameters
U and A which control the overall and relative strength of the two contributions (cf.
(3.4) and (3.10)). The parameters have been adjusted separately for the CD-Bonn and
for the Nijmegen potential by requiring the energy particle to reproduce the empirical
values of the saturation density ⇥0 and the binding energy EB. We do expect di�erent
values of {A, U} for the two NN interactions: since they yield di�erent saturation
curves the missing e�ects do not have to be necessarily the same. This argument surely
applies to the more phenomenological repulsive term (3.10). We believe that however
it is also the case of the 2�-exchange contribution, due to the averaging procedure
which unavoidably makes the resulting two-body interaction an e�ective one. As long
as TBF are not derived consistently within the same theoretical framework, one should
expect this motivation to be valid also for other approaches.

Once the parameters have been fixed, we extend the calculations to the whole
density domain ⇥ ⇥ [0.4 ⇥0, 3 ⇥0] starting with the case of symmetric nuclear matter.

0.5 1 1.5 2 2.5 3

-20

-15

-10

-5

0

5

10
T CD-Bonn 2BF

T Nijmegen 2BF

APR (variational) AV18 2BF

BHF AV18 2BF

E
 /
 N

 [
M

e
V

]

! / !0

T=0

BRIEF REPORTS PHYSICAL REVIEW C 74, 047304 (2006)

and single-particle energies in the Bethe-Goldstone equation
has been shown to introduce errors well below 1 MeV for the
binding energy at saturation [19].

Concerning the inclusion of three-body forces in the BHF
approach, we use the formalism developed in Refs. [5–7],
namely a microscopic model based on meson exchange with
intermediate excitation of nucleon resonances (Delta, Roper,
and nucleon-antinucleon). The meson parameters in this
model are constrained to be compatible with the two-nucleon
potential, where possible.

For the use in BHF calculations, this TBF is reduced to
an effective, density-dependent, two-body force by averaging
over the third nucleon in the medium, the average being
weighted by the BHF defect function g, which takes account
of the nucleon-nucleon in-medium correlations [6,8,20]:

Vij (r) = ρ

!
d3rk

"

σk ,τk

[1 − g(rik)]2[1 − g(rjk)]2Vijk. (5)

The resulting effective two-nucleon potential has the operator
structure

Vij (r) = (τ i ·τ j )(σ i ·σ j )V τσ
C (r) + (σ i ·σ j )V σ

C (r) + VC (r)

+ Sij (r̂)
#
(τ i ·τ j )V τ

T (r) + VT (r)
$

(6)

and the components V τσ
C , V σ

C , VC , V τ
T , VT are density depen-

dent. They are added to the bare potential in the Bethe-
Goldstone equation (1) and are recalculated together with
the defect function in every iteration step until convergence
is reached. This approach has so far been followed with the
Paris [6], the V14, and the V18 [7] potentials and the results
will be shown in the following presentation of our results. For
complete details, the reader is refered to Refs. [5–7].

We begin in Fig. 1 with the saturation curves obtained with
our set of NN potentials. On the standard BHF level (black
curves) one obtains in general too strong binding, varying
between the results with the Paris, V18, and Bonn C potentials
(less binding), and those with the Bonn A, N3LO, and IS
(very strong binding). Including TBF (with the Paris, V14,
and V18 potentials; red curves) adds considerable repulsion
and yields results slightly less repulsive than the DBHF ones
with the Bonn potentials [16] (green curves). This is not
surprising, because it is well known that the major effect of the
DBHF approach amounts to including the TBF corresponding
to nucleon-antinucleon excitation by 2σ exchange within the
BHF calculation [6,7]. This is illustrated for the case of the V18
potential (open stars) by the dashed (red) curve in the
figure, which includes only the 2σ -exchange “Z-diagram”
TBF contribution. The remaining TBF components are overall
attractive and produce the final solid (red) curve in the
figure.

Figure 2 shows the saturation points of symmetric matter
extracted from the previous results. Indeed there is a strong
linear correlation between saturation density and energy,
confirming the concept of the Coester line. One can roughly
identify three groups of results: The DBHF results with the
Bonn potentials as well as the BHF+TBF results with the Paris,
V14, and V18 potentials lie in close vicinity of the empirical
value. The BHF results with Paris, V14, V18, and Bonn C form
a group with about 1–2 MeV too-large binding and saturation

FIG. 1. (Color online) Energy per nucleon of symmetric nuclear
matter obtained with different potentials and theoretical approaches.
For details see text.

at about 0.27 fm−3. The remaining potentials, in particular the
most recent CD-Bonn, N3LO, and IS, yield strong overbinding
at larger density, more than twice saturation density in the
latter cases. From a practical point of view, it would therefore
appear convenient to use the potentials of the former group
for approximate many-body calculations, because the required
corrections are smaller, at least for Brueckner-type approaches.

Historically, there is the observation that the position of
a saturation point on the Coester line seems to be strongly

FIG. 2. (Color online) Saturation points obtained with different
potentials and theoretical approaches. The (online blue) square
indicates the empirical region.
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New Coester band

Coester band

Three-nucleon forces must be considered

Urbana three-body forces

Nuclear Equation of State 15

other words, the results indicate that the missing of the saturation point is not
due to a lack of accuracy in the treatment of the nuclear many-body problem,
but to a defect of the nuclear hamiltonian. The need of three-body forces in nu-
clear matter is consistent with the findings in the study of few nucleon systems,
where also the binding energy and radii, as well as scattering data, cannot be
reproduced with only two-body forces. Not surprisingly, the effects of three-body
forces seem to be more pronounced in nuclear matter than in few body systems.

The standard NN interaction models are based on the meson–nucleon field
theory, where the nucleon is considered an unstructured point-like particle. The
Paris, the Argonne v14 (with the improved version v18 [11]), and the set of Bonn
potentials [12] fall in this category. In the one-boson exchange potential (OBEP)
model one further assumes that no meson–meson interaction is present and each
meson is exchanged in a different interval of time from the others. However,
the nucleon is a structured particle, it is a bound state of three quarks with
a gluon-mediated interaction, according to Quantum Chromodynamics (QCD).
The absorption and emission of mesons can be accompanied by a modification of
the nucleon structure in the intermediate states, even in the case of NN scattering
processes, in which only nucleonic degrees of freedom are present asymptotically.
A way of describing such processes is to introduce the possibility that the nucleon
can be excited (“polarized”) to other states or resonances. The latter can be the
known resonances observed in meson–nucleon scattering. At low enough energy
the dominant resonance is the ∆33, which is the lowest in mass. If the internal
nucleon state can be distorted by the presence of another nucleon, the interaction
between two nucleons is surely altered by the presence of a third one. This effect
produces clearly a definite three-body force, which is absent if the nucleons are
considered unstructured. The simplest of such process is depicted in Fig. 13b.

Fig. 13. An interaction process among three nucleons with only two-body force (a),
and a process involving a genuine three-body force (b).

Such a process can be interpreted in different but equivalent ways. One way is to
view the pion (meson) coming from the first nucleon to polarize the second one,
which therefore interacts with a third one as a ∆33 resonance, surely in a different

16 M. Baldo and F. Burgio

way than if it had remained a nucleon, like in Fig. 13a. The process of Fig. 13a
is not indeed a three-nucleon force, but just a repetition of a two-nucleon force.
The introduction of a three-nucleon interaction is a consequence of viewing pro-
cesses like the one of Fig. 13b as an effective interaction among three nucleons,
which eventually will be medium-dependent. The genuine three-nucleon forces
can be extracted from processes like the one of Fig. 13b by projecting out the
∆33 (or other resonances) degrees of freedom in some approximate way. The
theory of three-nucleon forces has a very long history, and it started to be de-
veloped since the early stage [13] of the theory of nuclear matter EOS, as well
as of few nucleon systems [14]. The most extensive study of the three-nucleon
forces (TNF) has been pursued by Grangé and collaborators [15]. Fig. 14, re-
produced from Ref. [16], indicates some of the processes which can give rise to
TNF. Graph of Fig. 14a is a generalization of the process of Fig. 13b, where
other nucleon resonances (e.g. the Roper resonance) can appear as intermedi-
ate virtual excitation and other exchanged mesons can be present. Graph 14b
includes possible non-linear meson-nucleon coupling, as demanded by the chiral
symmetry limit [16]. Graph 14c is the simplest one which includes meson-meson
interaction. Other processes of this type are of course possible [15,16], which in-
volves other meson-meson couplings, and they should be included in a complete
treatment of TNF. Diagram 14d describes the effect of the virtual excitation of

Fig. 14. Some of the processes which can produce a genuine three-body force.

a nucleon-antinucleon pair, and it is therefore somehow of different nature from
the others. It gives an important (repulsive) contribution and it has been shown
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‣ modification of the internal structure of hadrons

22 Three-Body Forces

4.2 Three-body Hamiltonian

Formally three-body forces are included by adding a term to the two-body Hamil-
tonian (2.6)

H = H2 body ⇤ H ⇥ = H2 body + H3 body , (4.1)

where

H3 body =
1
3!

⌃
dr1 dr2 dr3 ⇥†(1)⇥†(2)⇥†(3)V3(r1, r2, r3) ⇥(3)⇥(2)⇥(1) . (4.2)

We employ in this work the three-body potential developed by the Urbana group
[16], composed of two terms

V Urbana
ijk = V 2�

ijk + V R
ijk . (4.3)

The first part, attractive and dominant at low densities, is constructed from two-
pion exchange with a � appearing as intermediate state as described in the pre-
vious section; the repulsive contribution is responsible for the correct saturation
and prevails at high densities.

The two potentials are structured as a sum over cyclic permutations of the
three particles, denoted by the indeces {i, j, k}. The 2�-exchange term reads

V 2�
ijk = A

⇧

cyc

⇤
{Xij , Xjk} {⇥i · ⇥j , ⇥j · ⇥k} +

1
4

[Xij , Xjk] [⇥i · ⇥j , ⇥j · ⇥k]
⌅

, (4.4)

where
Xij = Y (rij) �i · �j + T (rij) Sij . (4.5)

Here rij ⇥ ri � rj is the distance between particles i and j and the non-bold
character denotes the vector norm rij ⇥ |rij |. The tensor operator is defined as
Sij = [3 (�i · r̂ij)(�j · r̂ij) � �i · �j ] where r̂ij ⇥ rij

|rij | is the unit vector. The two
radial functions Y (r) and T (r) are respectively the Yukawa

Y (r) =
e�ar

ar
Ycut(r) (4.6)

and the tensor function

T (r) =
⇤

1 +
3
ar

+
3

a2r2

⌅
e�ar

ar
Tcut(r) , (4.7)

in which it is necessary to introduce a short-range cuto⇥

Ycut(r) = 1� e�br2
, (4.8)

Tcut(r) =
�
1� e�br2

⇥2
. (4.9)

⇢ and others:

⇢  Δ-excitation ↔   2π exchange
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I. INTRODUCTION

The physics of neutron matter ranges over exciting ex-
tremes: from universal properties at low densities [1,2] that
can be probed in experiments with ultracold atoms [3]; to
using neutron matter properties at nuclear densities to guide
the development of a universal density functional [4,5] and to
constrain the physics of neutron-rich nuclei; to higher densities
involved in the structure of neutron stars [6]. In the theory of
nuclear matter, recent advances [7,8] are based on systematic
chiral effective field theory (EFT) interactions [9,10] combined
with a renormalization group (RG) evolution to low momenta
[11,12]. This evolution improves the convergence of many-
body calculations [7,13,14], and the nuclear matter energy
shows saturation with controlled uncertainties [8]. In this
paper, we extend these developments to neutron matter with a
focus on three-nucleon (3N) forces.

Our studies are based on evolved nucleon-nucleon (NN)
interactions at next-to-next-to-next-to-leading order (N3LO)
[15,16] and on the next-to-next-to-leading order (N2LO) 3N
forces [17,18]. In Sec. II, we show that only the long-range 2π -
exchange 3N interactions contribute in pure neutron matter. We
then construct density-dependent two-body interactions V 3N
by summing the third particle over occupied states in the Fermi
sea. Effective interactions of this sort have been studied in the
past by using 3N potential models and approximate treatments
(see, for example, Refs. [19,20]). We derive a general operator
and momentum structure of V 3N and analyze the partial-wave
contributions and the density dependence of V 3N. This pro-
vides insights to the role of chiral 3N forces in neutron matter.

In Sec. III, we apply V 3N to calculate the properties of
neutron matter as a function of Fermi momentum kF [or the
density ρ = k3

F/(3π2)] based on a loop expansion around the
Hartree-Fock energy. Our second-order results for the energy
suggest that neutron matter is perturbative at nuclear densities,
where N2LO 3N forces provide a repulsive contribution.

*hebeler@triumf.ca
†schwenk@physik.tu-darmstadt.de

We study in detail the theoretical uncertainties of the neutron
matter energy and find that the uncertainty in the c3 coefficient
of 3N forces dominates. Other recent neutron matter
calculations lie within the resulting energy band. In addition,
the energy band provides constraints for the symmetry energy
and its density dependence. Finally, we study the impact of
chiral 3N forces on the 1S0 superfluid pairing gap at the BCS
level. We conclude and give an outlook in Sec. IV.

II. 3N FORCES AS DENSITY-DEPENDENT TWO-BODY
INTERACTIONS

Nuclear forces depend on a resolution scale, which is
generally determined by a momentum cutoff #, and are given
by an effective theory for scale-dependent two-nucleon and
corresponding many-nucleon interactions [9–11,21]:

H (#) = T + VNN(#) + V3N(#) + V4N(#) + · · · . (1)

Our calculations are based on chiral EFT interactions. We start
from the N3LO NN potential (# = 500 MeV) of Ref. [15]
and use the RG to evolve this NN potential to low-momentum
interactions Vlow k with a smooth nexp = 4 regulator with
# = 1.8 − 2.8 fm−1 [12,22]. This evolution softens the
short-range repulsion and short-range tensor components of
the initial chiral interaction [7,23]. Based on the universality
of Vlow k [8,12], we do not expect large differences starting
from different N3LO potentials.

In chiral EFT without explicit Deltas, 3N forces start at
N2LO and contain a long-range 2π -exchange part Vc, an
intermediate-range 1π -exchange part VD , and a short-range
contact interaction VE [17,18]:

π π π

c1, c3, c4 cD cE

(2)

The 2π -exchange interaction is given by

Vc = 1
2

!
gA

2fπ

"2 #

i ̸=j ̸=k

(σ i · qi)(σ j · qj )$
q2

i + m2
π

%$
q2

j + m2
π

%F
αβ
ijkτ

α
i τ

β
j , (3)
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➪ Fundamental reason: nucleons are composite particles, but we treat them as structureless
○ Certain processes, e.g. involving nucleon excitations, can not be described as 2-body

○ Three-nucleon forces are added mostly phenomenologically to OBE potentials

1980’s

[Li et al. 2006]

PHYSICAL REVIEW C 82, 014314 (2010)

Chiral three-nucleon forces and neutron matter

K. Hebeler1,* and A. Schwenk1,2,3,†
1TRIUMF, 4004 Wesbrook Mall, Vancouver, British Columbia V6T 2A3, Canada

2ExtreMe Matter Institute EMMI, GSI Helmholtzzentrum für Schwerionenforschung GmbH, D-64291 Darmstadt, Germany
3Institut für Kernphysik, Technische Universität Darmstadt, D-64289 Darmstadt, Germany

(Received 5 November 2009; revised manuscript received 24 April 2010; published 23 July 2010)

We calculate the properties of neutron matter and highlight the physics of chiral three-nucleon forces. For
neutrons, only the long-range 2π -exchange interactions of the leading chiral three-nucleon forces contribute,
and we derive density-dependent two-body interactions by summing the third particle over occupied states in the
Fermi sea. Our results for the energy suggest that neutron matter is perturbative at nuclear densities. We study in
detail the theoretical uncertainties of the neutron matter energy, provide constraints for the symmetry energy and
its density dependence, and explore the impact of chiral three-nucleon forces on the S-wave superfluid pairing gap.

DOI: 10.1103/PhysRevC.82.014314 PACS number(s): 21.65.Cd, 21.30.−x, 21.60.Jz

I. INTRODUCTION

The physics of neutron matter ranges over exciting ex-
tremes: from universal properties at low densities [1,2] that
can be probed in experiments with ultracold atoms [3]; to
using neutron matter properties at nuclear densities to guide
the development of a universal density functional [4,5] and to
constrain the physics of neutron-rich nuclei; to higher densities
involved in the structure of neutron stars [6]. In the theory of
nuclear matter, recent advances [7,8] are based on systematic
chiral effective field theory (EFT) interactions [9,10] combined
with a renormalization group (RG) evolution to low momenta
[11,12]. This evolution improves the convergence of many-
body calculations [7,13,14], and the nuclear matter energy
shows saturation with controlled uncertainties [8]. In this
paper, we extend these developments to neutron matter with a
focus on three-nucleon (3N) forces.

Our studies are based on evolved nucleon-nucleon (NN)
interactions at next-to-next-to-next-to-leading order (N3LO)
[15,16] and on the next-to-next-to-leading order (N2LO) 3N
forces [17,18]. In Sec. II, we show that only the long-range 2π -
exchange 3N interactions contribute in pure neutron matter. We
then construct density-dependent two-body interactions V 3N
by summing the third particle over occupied states in the Fermi
sea. Effective interactions of this sort have been studied in the
past by using 3N potential models and approximate treatments
(see, for example, Refs. [19,20]). We derive a general operator
and momentum structure of V 3N and analyze the partial-wave
contributions and the density dependence of V 3N. This pro-
vides insights to the role of chiral 3N forces in neutron matter.

In Sec. III, we apply V 3N to calculate the properties of
neutron matter as a function of Fermi momentum kF [or the
density ρ = k3

F/(3π2)] based on a loop expansion around the
Hartree-Fock energy. Our second-order results for the energy
suggest that neutron matter is perturbative at nuclear densities,
where N2LO 3N forces provide a repulsive contribution.
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We study in detail the theoretical uncertainties of the neutron
matter energy and find that the uncertainty in the c3 coefficient
of 3N forces dominates. Other recent neutron matter
calculations lie within the resulting energy band. In addition,
the energy band provides constraints for the symmetry energy
and its density dependence. Finally, we study the impact of
chiral 3N forces on the 1S0 superfluid pairing gap at the BCS
level. We conclude and give an outlook in Sec. IV.

II. 3N FORCES AS DENSITY-DEPENDENT TWO-BODY
INTERACTIONS

Nuclear forces depend on a resolution scale, which is
generally determined by a momentum cutoff #, and are given
by an effective theory for scale-dependent two-nucleon and
corresponding many-nucleon interactions [9–11,21]:

H (#) = T + VNN(#) + V3N(#) + V4N(#) + · · · . (1)

Our calculations are based on chiral EFT interactions. We start
from the N3LO NN potential (# = 500 MeV) of Ref. [15]
and use the RG to evolve this NN potential to low-momentum
interactions Vlow k with a smooth nexp = 4 regulator with
# = 1.8 − 2.8 fm−1 [12,22]. This evolution softens the
short-range repulsion and short-range tensor components of
the initial chiral interaction [7,23]. Based on the universality
of Vlow k [8,12], we do not expect large differences starting
from different N3LO potentials.

In chiral EFT without explicit Deltas, 3N forces start at
N2LO and contain a long-range 2π -exchange part Vc, an
intermediate-range 1π -exchange part VD , and a short-range
contact interaction VE [17,18]:

π π π

c1, c3, c4 cD cE

(2)

The 2π -exchange interaction is given by

Vc = 1
2

!
gA

2fπ

"2 #

i ̸=j ̸=k

(σ i · qi)(σ j · qj )$
q2

i + m2
π

%$
q2

j + m2
π

%F
αβ
ijkτ

α
i τ

β
j , (3)

0556-2813/2010/82(1)/014314(11) 014314-1 ©2010 The American Physical Society

PHYSICAL REVIEW C 82, 014314 (2010)

Chiral three-nucleon forces and neutron matter

K. Hebeler1,* and A. Schwenk1,2,3,†
1TRIUMF, 4004 Wesbrook Mall, Vancouver, British Columbia V6T 2A3, Canada

2ExtreMe Matter Institute EMMI, GSI Helmholtzzentrum für Schwerionenforschung GmbH, D-64291 Darmstadt, Germany
3Institut für Kernphysik, Technische Universität Darmstadt, D-64289 Darmstadt, Germany

(Received 5 November 2009; revised manuscript received 24 April 2010; published 23 July 2010)

We calculate the properties of neutron matter and highlight the physics of chiral three-nucleon forces. For
neutrons, only the long-range 2π -exchange interactions of the leading chiral three-nucleon forces contribute,
and we derive density-dependent two-body interactions by summing the third particle over occupied states in the
Fermi sea. Our results for the energy suggest that neutron matter is perturbative at nuclear densities. We study in
detail the theoretical uncertainties of the neutron matter energy, provide constraints for the symmetry energy and
its density dependence, and explore the impact of chiral three-nucleon forces on the S-wave superfluid pairing gap.

DOI: 10.1103/PhysRevC.82.014314 PACS number(s): 21.65.Cd, 21.30.−x, 21.60.Jz

I. INTRODUCTION

The physics of neutron matter ranges over exciting ex-
tremes: from universal properties at low densities [1,2] that
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chiral effective field theory (EFT) interactions [9,10] combined
with a renormalization group (RG) evolution to low momenta
[11,12]. This evolution improves the convergence of many-
body calculations [7,13,14], and the nuclear matter energy
shows saturation with controlled uncertainties [8]. In this
paper, we extend these developments to neutron matter with a
focus on three-nucleon (3N) forces.

Our studies are based on evolved nucleon-nucleon (NN)
interactions at next-to-next-to-next-to-leading order (N3LO)
[15,16] and on the next-to-next-to-leading order (N2LO) 3N
forces [17,18]. In Sec. II, we show that only the long-range 2π -
exchange 3N interactions contribute in pure neutron matter. We
then construct density-dependent two-body interactions V 3N
by summing the third particle over occupied states in the Fermi
sea. Effective interactions of this sort have been studied in the
past by using 3N potential models and approximate treatments
(see, for example, Refs. [19,20]). We derive a general operator
and momentum structure of V 3N and analyze the partial-wave
contributions and the density dependence of V 3N. This pro-
vides insights to the role of chiral 3N forces in neutron matter.

In Sec. III, we apply V 3N to calculate the properties of
neutron matter as a function of Fermi momentum kF [or the
density ρ = k3

F/(3π2)] based on a loop expansion around the
Hartree-Fock energy. Our second-order results for the energy
suggest that neutron matter is perturbative at nuclear densities,
where N2LO 3N forces provide a repulsive contribution.
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We study in detail the theoretical uncertainties of the neutron
matter energy and find that the uncertainty in the c3 coefficient
of 3N forces dominates. Other recent neutron matter
calculations lie within the resulting energy band. In addition,
the energy band provides constraints for the symmetry energy
and its density dependence. Finally, we study the impact of
chiral 3N forces on the 1S0 superfluid pairing gap at the BCS
level. We conclude and give an outlook in Sec. IV.

II. 3N FORCES AS DENSITY-DEPENDENT TWO-BODY
INTERACTIONS

Nuclear forces depend on a resolution scale, which is
generally determined by a momentum cutoff #, and are given
by an effective theory for scale-dependent two-nucleon and
corresponding many-nucleon interactions [9–11,21]:

H (#) = T + VNN(#) + V3N(#) + V4N(#) + · · · . (1)

Our calculations are based on chiral EFT interactions. We start
from the N3LO NN potential (# = 500 MeV) of Ref. [15]
and use the RG to evolve this NN potential to low-momentum
interactions Vlow k with a smooth nexp = 4 regulator with
# = 1.8 − 2.8 fm−1 [12,22]. This evolution softens the
short-range repulsion and short-range tensor components of
the initial chiral interaction [7,23]. Based on the universality
of Vlow k [8,12], we do not expect large differences starting
from different N3LO potentials.

In chiral EFT without explicit Deltas, 3N forces start at
N2LO and contain a long-range 2π -exchange part Vc, an
intermediate-range 1π -exchange part VD , and a short-range
contact interaction VE [17,18]:
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○ Lightest nuclei do not match experiment



First ab initio calculations

Importance of 3N forces for light nuclei 
Quantum Monte-Carlo calculations Pieper et al. (2010). 

based on phenomenological potentials: NN: Argonne v18 + 3N: Illinois-7 
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GFMC Calculations

• IL7: 4 parameters fit to 23 states
• 600 keV rms error, 51 states
• ~60 isobaric analogs also computed

figure from R. Wiringa 

✗ Computational effort increases exponentially/factorially with nucleon number

⦿ 1990’s: Green function Monte Carlo approach
○ MC techniques to sample many-body wave function in coordinate, isospin and spin space

⦿ 2000’s: No-core shell model approach

○ Diagonalisation of the Hamiltonian in a finite-dimensional space

Nuclei simulated from scratch!

Closed the gap between elementary 
nucleon-nucleon interactions and 

properties of nuclei

[Pieper & Wiringa 2001]



Resolution scale of nucleon-nucleon interactions

Hard core  ⟷  Strong coupling between low and high momenta  ⟷  High resolution

Do we really need such high resolution to compute properties of nuclei?

⦿ Two main problems with OBE potentials

1. Substantial part remains phenomenological (in particular 3N sector)

2. Strong repulsive short-range component (“hard core”)

𝜌,ω, σ masses > 700 MeV

spatial distances <  0.5 fm
cf. nucleon radius ~ 0.8 fm av. nucleon momenta ~ 200 MeV

pion mass ~ 140 MeV
observables ~ 0.1-10 MeV⟷ ⟷

➪ For many of the observables we are interested in, the answer is NO



Resolution: The higher the better?

• resolution of very small (irrelevant) structures can obscure this information

• small details have nothing to do with long-wavelength information!

in the nuclear physics here we are interested in low-energy observables

(long-wavelength information!)

Strategy: Use a low-resolution version

• long-wavelength information is preserved

• distortion at small distance significantly reduced

• much less information necessary

In nuclear physics: 
Use renormalization group (RG) to change resolution! 

Strategy: Use a low-resolution version

• long-wavelength information is preserved

• distortion at small distance significantly reduced

• much less information necessary

In nuclear physics: 
Use renormalization group (RG) to change resolution! 

[figures from K. Hebeler]

Strategy: Use a low-resolution version

• long-wavelength information is preserved

• distortion at small distance significantly reduced

• much less information necessary

In nuclear physics: 
Use renormalization group (RG) to change resolution! 

Resolution scale of nucleon-nucleon interactions



Effective field theory

⦿ The principles

3. Order by size all possible terms  ➝  systematic expansion  (= “power counting”)
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2. Write all possible terms allowed by symmetries of underlying theory (QCD)

Typical momentum at play

6

V (k, k0;⇤) = C0(⇤) e
�k

2
/⇤2

e
�k

02
/⇤2

H = T + VNN + Vem

VNN = V (r1, r2,p1,p2,�1,�2, ⌧1, ⌧2)

VNN = V (r = r1 � r2,p = p1 � p2,�1,�2, ⌧1 · ⌧2)

VNN = V1(r ,p,�1,�2) + V⌧ (r ,p,�1,�2) ⌧1 · ⌧2

V (r) / e
�mr

r

BE(Z,N) = avA� asA
2/3 � ac

Z
2

A1/3
� aa

(N � Z)2

4A
� �

A1/2

~p

m
⇡ 200 MeV

1000 MeV

⇣
v

c

⌘2
< 0.1

H| A+B!C+D(t)i = i~ @

@t
| A+B!C+D(t)i

�(Ak +Bl ! Cm +Dn)

E/A (⇢, x, T )

H = T + V
2N + V

3N + ...+ V
AN

H = HIP-SM +Hres

~J = ~L+ ~S =) |L� S|  J  |L+ S|

~S = ~s1 + ~s2 =) S = 0, 1 =) J =

⇢
L for S = 0

|L� 1|, L, L+ 1 for S = 1

S = 0, 1

|L� S|  J  |L+ S|

J =

⇢
L for S = 0

|L� 1|, L, L+ 1 for S = 1

2S+1
LJ

Q

MQCD

Q

M

High energy scale
(not included explicitly)

[Weinberg, van Kolck, ..]

1990’s

4. Truncate at a given order and adjust coupling constants (use underlying theory or data)

1. Use separation of scales to define d.o.f. & expansion parameter



results when doing calculations in momentum space. So
n=6 was chosen in [73, 77]. In fact, in [73] independence of
observables for n 5. is explitely demonstrated. Other
important progress made in [73] was the introduction of a
better scheme to quantify the theoretical uncertainties. For
that, one first has to analyze the possible sources of
uncertainties (see also [78, 79]). These include (1) the
systematic uncertainty due to truncation of the chiral
expansion at a given order, (2) the uncertainty in the
knowledge of NQ LECs which govern the long-range part
of the nuclear force, (3) the uncertainty in the determination
of LECs accompanying the contact interactions; and (4)
uncertainties in the experimental data or, in the partial wave
analysis if that is used to determine the LECs. As described
above, there has been much progress in determining the NQ
LECs, so we concentrate on the first type of uncertainty. For a
given observable X p( ), where p is the center-of-mass
momentum corresponding to the considered energy, the
expansion parameter in chiral EFT is given by equation (27),
where Λ is the breakdown scale. As discussed in [73], one
should use 600 MeV- � for the cutoffs R 0.8� , 0.9 and
1.0 fm, 500- � MeV for R 1.1 fm� and 400 MeV- � V
for R 1.2� to account for the increasing amount of cutoff
artifacts. In fact, when increasing the r-space cutoff R, one
actually continuously integrates out pion physics, and the
resulting theory would gradually turn into pionless EFT if one
further softened the cutoff. Having verified this estimation of
the breakdown scale on the example of the neutron–proton
scattering total cross section at various chiral orders [73], one
is naturally led to a method that gives a conservative estimate
of the theoretical uncertainty due to the neglect of higher

orders. In this approach, one ascribes the uncertainty
X pN LO4 ( )% of a N4LO prediction X pN LO4 ( ) for an observable

X p( ), as (and similarly for lower orders)
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where the expansion parameter Q is given by equation (27)
and the scale Λ is chosen dependent of the cutoff R as
discussed above. The resulting theoretical uncertainties for
the total cross section and the case of R=0.9 fm were found
in [80] to be consistent with the 68% degree-of-belief
intervals for EFT predictions.

The most sophisticated calculation in the two-nucleon
system is indeed the fifth-order result by Epelbaum et al [77],
which included all new two-pion exchange corrections
appearing at this order as shown in figure 6 (see also the less

Figure 5.Contributions to the effective potential of the 2N, 3N and 4N forces based on Weinberg’s power counting. Here, LO denotes leading
order, NLO next-to-leading order and so on. The various vertices according to equation (29) with 0, 1, 2, 3, 4i% � are denoted by small
circles, big circles, filled boxes, filled diamonds and open boxes, respectively. The boxes surrounding various classes of diagrams are
explained in the text. Figure courtesy of Evgeny Epelbaum.

Figure 6. Fifth-order contributions to the two-pion exchange
potential. Solid and dashed lines refer to nucleons and pions,
respectively. Solid dots denote vertices from the lowest-order NQ
effective Lagrangian. Filled rectangles, ovals and gray circles denote
the order Q4, order Q3 and order Q2 contributions to NQ scattering,
respectively.
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complete work in [81, 82]). Although three-pion exchange
formally appears at N3LO and at N4LO, it has usually been
neglected, as the (nominally) leading 3Q exchange potential at
N3LO is known to be weak compared to the two-pion
exchange [83, 84] and to have negligibly small effect on
phase shifts. However, the subleading corrections at N4LO
are enhanced due to the appearance of the LECs ci [85]. To
check the assertion that the 3Q exchange can still be neglec-
ted, the authors of [77] have carried out a N4LO fit for the
intermediate value of the cutoff of R 1.0� fm, in which the
dominant class-XIII 3Q exchange potential V3

XIII
Q from [85]

was explicitly included. No significant (not even noticeable)
changes both in the quality of the description of the Nijmegen
phase shifts and in the reproduction/predictions for obser-
vables was found. In figure 7, using the above-discussed
method of uncertainty quantification, the S-, P- and D-wave
phase shifts and the mixing angles 1� and 2� at NLO and

higher orders in the chiral expansion for R 0.9� fm are
shown. The various bands result from adding/subtracting the
estimated theoretical uncertainty to/from the calculated
results. Similar results are obtained for np scattering obser-
vables, see [77] for details.

Next, let us consider 3NFs. While providing a small
correction to the nuclear Hamiltonian as compared to the
dominant NN force, its inclusion is mandatory for quantitative
understanding of nuclear structure and reactions, for recent
reviews, see [88, 89]. Historically, the importance of the 3NF
has been pointed out already in the 1930s [90] while the first
phenomenological 3NF models date back to the 1950s.
However, in spite of extensive efforts, the spin structure of the
3NF is still poorly understood [88]. Chiral EFT indeed pro-
vides a suitable theoretical resolution to the long-standing
3NF problem. As already noted, the 3NF only appears two
orders after the leading NN interaction. At this order, there are
only three topologies contributing, see figure 8. The two-pion
exchange topology is given again in terms of the ci, as dis-
cussed in detail in [91]. The so-called D-term, which is related
to the one-pion exchange between a 4N contact term and a
further nucleon, has gained some prominence in the first
decade of this millennium, as many authors have tried to pin it
down based on a cornucopia of reactions, such as Nd Ndl
[94], NN NNQl [92, 93], NN dℓ ℓOl [95–98], d NNQ Hl
[99–101], or the spectra of light nuclei [102], see figure 9
(here, γ denotes a photon, ℓ a lepton and ℓO its corresponding
antineutrino) . This demonstrates again the power of EFT—
very different processes are related through the same LECs

Figure 7. Results for the np S-, P- and D-waves and the mixing
angles 1� , 2� up to N4LO based on the cutoff of R 0.9� fm in
comparison with the Nimjegen PWA [86] and the GWU single-
energy PWA [87]. The bands of increasing width show estimated
theoretical uncertainty at N4LO, N3LO, N2LO and NLO.

Figure 8. Topologies of the leading contributions to the chiral 3NF.
From left to right: Two-pion exchange, one-pion-exchange and 6N
contact interaction.

Figure 9. Various reactions that all are sensitive to the D-term.
Figure courtesy of Evgeny Epelbaum.
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[Meißner 2016]

⦿ Systematic framework to construct AN interactions (A=2, 3, …) 

⦿ A theoretical error can be assigned to each order in the expansion

⦿  Is the chiral expansion converging quickly enough?

⦿ Goal: apply to the many-nucleon system (and propagate the theoretical error!)

Chiral effective field theory


